Abstract. In this article, we study certain local cohomology modules over F -pure rings. We give sufficient conditions for the vanishing of some Lyubeznik numbers, derive a formula for computing these invariants when the F -pure ring is standard graded and, by its means, we provide some new examples of Lyubeznik tables. We study associated primes of certain Extmodules, showing that they are all compatible ideals. Finally, we focus on properties that Lyubeznik numbers detect over a globally F -split projective variety.
Introduction
Local cohomology modules play an important role in the study of algebraic and geometric properties of rings. These modules are usually not finitely generated, and difficult to manage. For an equicharacteristic regular local ring, (S, m, k), and an ideal I ⊆ S, the local cohomology modules H i I (S) have a finite set of associated primes and finite Bass numbers [HS93, Lyu93] . These results are derived from the structure of H i I (S) as a D-module in characteristic zero, and as an F -module in positive characteristic. In this manuscript, we focus on the case where k has prime characteristic p > 0, [k 1/p : k] < ∞, and R = S/I is an F -pure ring. We say that R is F -pure if the the Frobenius map splits. The singularities of an F -pure ring can be quite severe. For instance, F -pure rings need not be normal or Cohen-Macaulay. However, the local cohomology modules H i m (R) enjoy desirable finiteness properties [Ma13] . If R is written as a quotient of an n-dimensional regular local ring S by an ideal I, these good properties are reflected in the modules H n−i I (S), by Matlis duality [Lyu97] . In this paper, we further this study by showing that the associated primes of H n−i I (S) behave well with respect to the Cartier algebra C (R) = e C e (R). See Section Section 3 for the definition of C (R).
Theorem A (Theorem 3.11). Let (S, n, k) be an F -finite regular local ring. Let I ⊆ S be an ideal such that R = S/I is F -pure. If p ∈ Ass S H n−i I (S), then φ(pR) ⊆ pR for every e ∈ N, and every φ ∈ C e (R).
Theorem 3.11 is actually more general, as it deals with the primes associated to the simple F -module factors of H These numbers also relate to singular cohomology [GLS98] , andétale cohomology [BB05] . Furthermore, the Lyubeznik numbers of a Stanley-Reisner ring associated to a simplicial complex are topological invariants of its geometric realization [ÀMY] . We refer to [NBWZ13] for a survey of these topics. The Lyubeznik number of R with respect to i, j is defined as λ i,j (R) = dim k Ext i S (k, H n−j I (S)).
It turns out that these numbers are finite [HS93, Lyu93] , and do not depend on the chosen representation R ∼ = S/I [Lyu93] . As a consequence of the techniques involved in the proof of Theorem A, we give a sufficient condition for the vanishing of certain Lyubeznik numbers.
Theorem B (see Theorem 2.6). Let (S, n, k) be a complete F -finite local ring. Let I ⊆ R be an ideal such that R = S/I is an F -pure ring, and let sdim(R) denote the splitting dimension of R. If either i < sdim(R) or j < sdim(R) + 1, then λ i,j (R) = 0.
Unfortunately, the Lyubeznik numbers are difficult to compute. Even finding out whether or not λ i,j (R) vanishes is a difficult computational problem (see [KZ14] for progress in this direction). Formulas for Lyubeznik numbers have been obtained previously for rings of small dimension [Wal99] , and Stanley-Reisner rings [Yan01,ÀM00,ÀM04, AMV14]. We give a formula for the Lyubeznik numbers of standard graded F -pure rings. This recovers and extends, in positive characteristic, the formula for Stanley-Reisner rings [Yan01, Theorem 1.1].
Theorem C (see Theorem 4.5). Let k be a field of characteristic p > 0, and S = k [x 1 , . . . , x n ], with deg(x i ) = 1. Let I be a homogeneous ideal in S be such that R = S/I is F -pure. Then This theorem gives an algorithm to compute Lyubeznik numbers of previously unknown examples. For instance, in Subsection 4.2 we use the previous formula to compute Lyubeznik numbers of some binomial ideals.
In positive characteristic, there is a notion of Lyubeznik numbers for projective varieties. Since Zhang [Zha11] showed that these invariants are well-defined, it is natural to ask what aspects of a projective variety X are tracked by λ i,j (X). In our last main result, we investigate the meaning of the Lyubeznik numbers for a globally F -split projective variety.
Theorem D (see Theorem 5.2 and 5.3, and Proposition 5.4). Let X be a globally F -split, Cohen-Macaulay and equidimensional projective variety over k. Let d be the dimension of X and t denote the number of connected components of X × k k. Then:
We note that smooth projective varieties are Cohen-Macaulay, and so one can apply the previous theorem to such varieties, provided they are globally F -split.
2. Vanishing of Lyubeznik numbers for F -pure rings 2.1. Background on local cohomology and methods in positive characteristic. Throughout this paper, R will denote a commutative Noetherian ring with unity. Let I ⊆ R be an ideal generated by f = f 1 , . . . , f t ∈ R. TheČech complex on f 1 , . . . , f t , denotedČ
• (f ; R), is the complex
More explicitly, the modules involved are of the formČ i (f ; R) = 1 j 1 <...<j i t R f j 1 ···f j i , and the differential map between two consecutive elements of the complex is a sum of localization maps, with appropriate sign choices. Given an R-module M, we defineČ
The i-th local cohomology of M with support in I is the i-th cohomology of the complex C
• (f ; M), which we write as
. This is well-defined, meaning that it does not depend on the choice of generators f 1 , . . . , f t of the ideal I. Now assume that (R, m, k) is a local ring, and let M be a non-zero R-module, not necessarily finitely generated. The depth of M is defined as depth
A related concept is that of Bass numbers. Given a prime ideal p ∈ Spec(R), the j-th Bass number of M with respect to p is µ
. The Lyubeznik numbers of a ring correspond to Bass numbers of certain local cohomology modules. Specifically, let (R, m, k) be a local ring, and suppose that there exists a regular local ring (S, n, k) that maps onto R. Then, we can write R ∼ = S/I for some ideal I in S. Let n be the Krull dimension of S. The Lyubeznik number of R with respect to i, j ∈ N is defined as
This definition depends only on R, i and j, meaning that it does not depend on the choices of S and I. For a survey on Lyubeznik numbers, see [NBWZ13] .
Let R be a ring of characteristic p > 0. We say that R is F -finite if it is a finitely generated module over itself via the action of the Frobenius map F : R −→ R. We say that R is F -pure if the Frobenius map F : R −→ R is a pure homomorphism, that is, if for all R-modules M, the induced map F ⊗ 1: R ⊗ M −→ R ⊗ R M is injective. If R is F -finite, then R is F -pure if and only if the map F : R → R splits. Throughout this article, we denote by F * R the R-module structure on R induced by the Frobenius endomorphism. To avoid potential confusion, we will denote the elements of F * R by F * r, for each r ∈ R. We note that R is F -finite if and only if F * R is a finite R-module. From this perspective, F -purity is equivalent to the property that R → F * R splits as a map of R-modules, if R is F -finite [HR76, Corollary 5.3].
Definition 2.1 ([AE05]). Let (R, m, k) be a local ring, which is F -finite and F -pure. For every positive integer e, define I e (R) := {r ∈ R | ϕ (F e * r) ∈ m for all ϕ ∈ Hom R (F e * R, R)} . The splitting prime of R is defined as P(R) := e I e (R), and dim (R/P(R)) is denoted by sdim(R), and called the splitting dimension of R.
Observe that, if f / ∈ P(R), then the R-module map R −→ F Proof. Let d = dim(R). We may assume, without loss of generality, that R is complete. By local duality, we have
. Putting these facts together we get
We denote by R p the completion of the local ring R p at its maximal ideal. We have that
Therefore,
In what follows, let (R, m, k) be a local ring of prime characteristic p > 0. We denote by (−) ∨ the Matlis duality functor, that is, the functor Hom R (−, E R (k)), where E R (k) denotes the injective hull of the residue field k. Definition 2.3. We say that a functor G, from the category of R-modules to itself, commutes with the action of Frobenius if there is a functorial isomorphism G(F * −) ∼ = F * G(−).
Here are some examples of such functors:
• The identity functor trivially commutes with the action of Frobenius,
• The Matlis duality functor commutes with the action of Frobenius [BB11, Lemma 5.1].
• If R is a quotient of a regular local ring S, then the functor G(−) = Ext Proposition 2.4. Let (S, n, k) be a complete F -finite regular local ring, I ⊆ R be an ideal such that R = S/I is an F -pure ring. Let mod(R) denote the category of finitely generated R-modules, and G : mod(R) → mod(R) be an additive functor that commutes with the action of Frobenius. If P(R) denotes the splitting prime of R, then depth(G(R)) = sdim(R) + depth(G(R) P(R) ).
Proof. Let m = n/I be the maximal ideal of R, and let j ∈ N be such that H j m (G(R)) = 0. By local duality, we have that H
If Q is a prime ideal in S of height strictly less than n − j, then Ext
, and assume that f / ∈ P(R). This means that for all e ≫ 0, the inclusion R · (F e * f ) ⊆ F e * R splits as a map of R-modules, where R · (F e * f ) is the cyclic R-submodule of F e * R generated by F e * f . Note that f · Ext n−j S (G(R), S) = 0 is equivalent to the statement that the image of the map induced by applying Ext
we then obtain that the image of
, S) is still zero, where we used that both Ext 
This gives a contradiction, since we are assuming that the first map is zero, and that Ext
, S) is injective, which is again a contradiction, since the rightmost map is zero. Either way, we reach the desired contradiction, and hence we proved that Ann R (Ext
, where the intersection is taken over the indices i for which Ext i S (G(R), S) = 0. The statement in the proposition now follows as a direct application of Lemma 2.2, noting that ω S ∼ = S since S is a regular local ring.
As a consequence of Proposition 2.4, we obtain a result that gives the vanishing of λ i,j (R) for j < sdim(R).
Corollary 2.5. Let (S, n, k) be a complete F -finite regular local ring, I ⊆ R an ideal such that R = S/I is an F -pure ring. For an integer j ∈ N, if H Theorem 2.6. Let (S, n, k) be a complete F -finite regular local ring of dimension n. Let I ⊆ R be an ideal such that R = S/I is an F -pure ring. Then, λ i,j (R) = 0 if either i < sdim(R) or j < sdim(R) + 1. Furthermore, if R satisfies Serre's condition (S k ), we have that
Proof. By Corollary 2.5, we directly obtain that λ i,j (R) = dim k (Ext (S) = 0 for all j < sdim(R) + depth(R P(R) ). Since depth(R P(R) ) min{k, ht(P(R))}, we have that H n−j I (S) = 0 for all j < min{sdim(R) + k, sdim(R) + ht(P(R))}. If k = 1, then either min{k, ht(P(R))} = 1, or P(R) is a minimal prime of R. In the first case, we clearly have H n−j I (S) = 0 for all j < min{k + sdim(R), dim(R)}. On the other hand, if P(R) is a minimal prime, then we must actually have P(R) = 0, and R is strongly F -regular. In this case, R is Cohen-Macaulay, hence H n−j I (S) = 0 for all j < dim(R). If k 2, then R is catenary and equidimensional. In fact, F -finite rings are catenary, and catenary (S 2 ) rings are equidimensional. Then ht(P(R)) + sdim(R) = dim(R) holds, completing the proof.
Properties of associated primes of local cohomology modules
Let (S, n, k) be a complete F -finite regular local ring of dimension n, and I ⊆ R be an ideal such that R = S/I is an F -pure ring. Observe that Ass S (H S) ) is contained in the splitting prime P(R). In this section, we extend this result to any associated prime of Ext i S (R, S) and, more generally, to every prime appearing as a factor in a prime filtration of Ext i S (R, S). In fact, we will show that all these prime ideals are compatible, which implies that they are contained in P(R). We first recall some results about F -modules and R F -modules, which are key techniques used in this section.
3.1. Background on F -modules and R F -modules. For more information regarding Fmodules, R F -modules, and their relations we refer to Lyubeznik's foundational paper [Lyu97] .
Let S be a Noetherian ring of characteristic p > 0. For an integer e > 0, let F e * S denote S viewed as a module over itself under restriction of scalars via F e : S → S, the e-th iteration of the Frobenius map. We let F e S (−) denote the Peskine-Szpiro Frobenius functor on S, that is defined as follows: given any S-module M, F e S (M) is the base change M ⊗ S F e * S, followed by the natural identification of F e * S with S on the second component of the tensor product. Example 3.1. Let S be a Noetherian ring of characteristic p > 0.
• F e S (S) = S for all e.
• If I ⊆ S is an ideal, we have F e S (S/I) = S/I
[p e ] , where
is the p e -th Frobenius power of the ideal I.
• More generally, let S m φ −→ S n → M → 0 be a presentation of a finite S-module M,
is the matrix whose entries are the p e -th powers of the entries of φ.
We now recall the main definitions and some basic concepts related to F -modules. We will refer to them as F e -modules, as we will allow powers of the Peskine-Szpiro Frobenius functor. As already noted in [Lyu97, Remark 5.6 a.], most of the results about F -modules, appropriately restated, readily generalize to this context.
In what follows, (S, n, k) is assumed to be an F -finite regular local ring of prime characteristic p > 0. In this case, the functor F 
and θ is the map induced on the direct limits by the vertical arrows in this diagram. An F [p] , S), where the isomorphism is due to the fact that F S (−) is exact. We now recall the definition of R F -modules, and adapt it to higher order Frobenius actions. Let (R, m, k) be a complete local ring of characteristic p > 0.
Definition 3.4. A Frobenius action on an R-module M is an additive map ϕ : M → M such that ϕ(rm) = r p ϕ(m) for all r ∈ R and m ∈ M. Equivalently, this corresponds to an R-linear map M → ϕ * M. More generally, an e-th Frobenius action on M is an additive map ϕ e : M → M such that ϕ e (rm) = r p e ϕ e (m) for all r ∈ R and m ∈ M.
R-modules with an e-th Frobenius action ϕ e : M → M correspond to left R ϕ e -modules, where R ϕ e denotes the subring of End Z (R, R) generated by R and an e-th Frobenius action ϕ e . The ring R acts on itself by multiplication, and the interaction with ϕ e is subject to the rule ϕ e r = r p e ϕ e , for all r ∈ R. Since in this section we only deal with left R ϕ e -modules, we will omit the word "left".
Definition 3.5. We say that an R ϕ e -module is cofinite if it is Artinian as an R-module.
Let F : R → R be the Frobenius endomorphism on R, f ∈ R, and i ∈ N. The map f F e : R → R induces a morphism f F e : H i m (R) → H i m (R) on local cohomology modules, which is an e-th Frobenius action. Thus, the modules H i m (R) are cofinite R ϕ e -modules. Definition 3.6. Let M be an R ϕ e -module. We say that M is anti-nilpotent if for any R ϕ e -submodule W ⊆ M the induced Frobenius action ϕ e : M/W → M/W is injective.
The following lemma is a natural generalization of the techniques and of some of the results obtained by Ma [Ma13] , regarding good cohomological properties of F -pure rings.
Lemma 3.7. Let (R, m, k) be an F -finite local ring, and let ϕ e : R → R be an e-th Frobenius action on R. Assume that the corresponding R-module map R → ϕ e * R splits. Then H i m (R), with the induced R ϕ e -module structure, is anti-nilpotent.
Proof. For sake of completeness, we provide a proof here. The ideas are very similar to those used by Ma [Ma13] . Set ϕ := ϕ e , and let Φ : H e ′ (y) ∈ R-span Φ e ′ +1 (y), Φ e ′ +2 (y), . . . . Therefore, we have Φ e ′ (y) = n i=1 r i Φ e ′ +i (y) for some n and some r i ∈ R. By assumption, the map R → ϕ * R has an R-module retraction. Identifying ϕ * R with R, we have additive maps ϕ : R → R and ψ : R → R such that ψ • ϕ = id R . By functoriality, the induced map Φ : H 
In the rest of the section, assume that S is an F -finite complete regular local ring, and we let I ⊆ S be an ideal. Assume that R = S/I is F -pure, and let m denote its maximal ideal. Since S/I is F -pure, we have that Ext 
8]. Let (−)
∨ denote the Matlis duality functor. For any positive integer e, given a cofinite R ϕ e -module M, we have a filtration
of R ϕ e -modules such that, for all 0 j t, L j+1 /N j is a non-zero simple R ϕ e -module on which ϕ e acts injectively. In fact, this comes from a direct generalization of [Lyu97, Theorem 4.7] to e-th Frobenius actions. Furthermore, for all j, the R ϕ e -module N j /L j is ϕ e -nilpotent, that is, ϕ Remark 3.8. Let ϕ e : R → R be an e-th Frobenius action, and assume that the map R → ϕ e * R splits. It follows from Lemma 3.7 that the filtration (3.1) reduces to a filtration
is a non-zero simple R ϕ e -module, on which ϕ e acts injectively. In fact, in the filtration (3.1), we must have L j = N j for all j, otherwise ϕ e would not act injectively on H i m (R)/L j , contradicting the anti-nilpotency of H i m (R). Let (S, n, k) be a complete F -finite regular local ring of dimension n, and let I ⊆ S be such that R = S/I is F -pure. Let m = n/I denote the maximal ideal of R. Assume that H i m (R) = 0, and let F : R → R denote the standard Frobenius action on R. For any f / ∈ P(R), we have by definition that the inclusion F e * f · R ⊆ F e * R splits for some e 1. This map induces an e-th
. By a repeated use of Lemma 3.7 and Remark 3.8, we obtain a filtration
is a non-zero simple R ϕ e -module, on which ϕ e acts injectively. An equivalent way of saying this is to say that the composition
If we apply the Matlis duality functor to the filtration (3.3), we obtain a chain of S-modules 
∨ . In addition, the quotient M j /M j−1 is a root of the non-zero simple F e S -module M j /M j−1 . Since it is a simple root, M j /M j−1 can have only one associated prime. In fact, if P ∈ Ass S (M j /M j−1 ) was not the only associated prime of such a module, then H 0 P (M j /M j−1 ) would be the root of a non-zero proper F e S -submodule of M j /M j−1 , giving a contradiction. In addition, since M j ⊆ Ext n−i S (R, S), we have that M j is an R-module, since IM j = 0. In particular, if P ∈ Ass S (M j /M j−1 ), we have that I ⊆ P . Let Lemma 3.9. Let (S, n, k) be an F -finite regular local ring. Let I ⊆ S be an ideal such that R = S/I is F -pure. Then p ⊆ P(R) for all p ∈ Λ i R . Proof. First, assume that S is complete. Let P, Q ∈ Spec(S) be such that P/I = p, and Q/I = P(R). Then P is the unique associated prime of M j /M j−1 , for some j = 1, . . . , t. Denote N := M j /M j−1 . Since N is the Matlis dual of an Artinian module, it is finitely generated. Let g ∈ P , and assume that g / ∈ Q. Since P is the only associated prime of N, we have that H 
Applying Matlis duality, we obtain that
is surjective. However, we are assuming that F e * f · F e * N = F e * (f · N) = 0, and the surjection implies that N = 0. This is a contradiction, and concludes the proof in the complete case.
In the general case, note that P S is radical, because S is excellent. Write P S = P 1 ∩ . . . ∩ P ℓ for some P 1 , . . . , P ℓ prime ideals in S. The module M j /M j−1 ⊗ S S ∼ = M j /M j−1 may not be the root of a simple F S -module, but we can extend the filtration
( R, S), in a way that M j,r /M j,r−1 is a root of a simple F S -module. The primes P 1 , . . . , P ℓ appear as the unique associated primes of some of such factors. By the complete case, we have that P 1 , . . . , P ℓ ⊆ Q ′ , where Q ′ is the lift to S of the splitting prime P( R). Since P( R) = P(R) R [AE05, Proposition 3.9], we obtain that Q ′ = Q S = Q, and thus P S = P 1 ∩ . . . ∩ P ℓ ⊆ Q S. Contracting back to S, we finally conclude that P ⊆ Q.
We now recall the definition of a compatible ideal, which was introduced by Schwede [Sch10] .
Definition 3.10. Let R be an F -finite ring of prime characteristic. An ideal I ⊆ R is said to be compatible if ϕ(F e * I) ⊆ I for all e > 0, and all ϕ ∈ Hom R (F e * R, R). An equivalent way of formulating the compatibility of an ideal is in terms of the Cartier algebra of R. We now recall its definition. For an integer e > 0 let
The Cartier algebra of R is the graded F p -algebra C (R) = C e (R). An ideal I ⊆ R is then compatible if and only if φ(I) ⊆ I for all φ ∈ C e (R), for all positive integers e. For more details about this approach we refer to [BB11] . Examples of compatible ideals include the splitting prime P(R) and the test ideal τ (R). In addition, every associated prime of a compatible ideal is again compatible [Sch10, Corollary 4.8].
Theorem 3.11. Let (S, n, k) be an F -finite regular local ring. Let I ⊆ S be an ideal such that R = S/I is F -pure. Then every p ∈ Λ i R is a compatible ideal. Proof. Let P be a lift of p to S, so that P is the unique associated prime of some M j /M j−1 appearing in the filtration. We localize at P , and obtain a new filtration
We remove from the filtration the factors that become zero after localization. Note that the prime P S P is associated to the factor (M j ) P /(M j−1 ) P . By Lemma 3.9, we have that P S P /IS P ∼ = pR p ⊆ P(R p ) ⊆ pR p , which forces pR p = P(R p ). In particular, pR p is a compatible ideal of R p . Let e > 0, let ϕ ∈ Hom R (F e * R, R) and assume, by way of contradiction, that ϕ(F e * p) ⊆ p. Let ϕ p denote the map induced by ϕ on the localizations at p, so that ϕ p ∈ Hom Rp (F e * R p , R p ). Then ϕ(F e * p)R p = ϕ p (F e * (pR p )) = R p , contradicting the assumption that pR p is compatible. We now present two results that follow from Theorem 3.11. The first one is the aforementioned generalization of the fact that every minimal prime over Supp(Ext i S (R, S)) is compatible. Corollary 3.12. Let (S, n, k) be an F -finite regular local ring, and I ⊆ S be an ideal such that R = S/I is F -pure. For any integer i ∈ N such that H i I (S) = 0, and for any P ∈ Ass S (H i I (S)), the ideal P/I ∈ Spec(R) is compatible.
Proof. This follows immediately from Theorem 3.11, and the fact that P/I ∈ Λ n−i R for any P ∈ Ass S (H i I (S)). We conclude this section by showing that the ideal defining the non-Cohen-Macaulay locus of an F -pure equidimensional ring is compatible. Recall that, if R is an F -finite local ring, then it admits a dualizing complex [Gab04, Remark 13.6], and hence the non-Cohen-Macaulay locus nCM(R) = {p ∈ Spec(R) | R p is not Cohen-Macaulay} is closed. In particular, if R = S/I, with (S, n, k) a regular local ring, then nCM(R) = V (a) is closed. In this case, further assuming that R is equidimensional, it follows from local duality that
Theorem 3.11 now gives that the ideal defining the non-Cohen-Macaulay locus of an equidimensional F -pure ring is compatible.
Corollary 3.13. Let (S, n, k) be an F -finite regular local ring, and I ⊆ S be an ideal such that R = S/I is F -pure. Assume that R is equidimensional, and let nCM(R) = V (a). Then √ a is a compatible ideal of R. In particular, R is Cohen-Macaulay if and only if R P(R) is Cohen-Macaulay.
Proof. We may assume that a is radical. Every prime p that is minimal over a will be minimal over Ext i S (R, S) for some i. Since associated primes of such a module always appear in Λ i R , Theorem 3.11 yields that p is compatible. Finally, intersection of compatible ideals is compatible [Sch10, lemma 3.5], hence a is compatible. The last statement follows from the fact that P(R) is the largest compatible ideal of R.
A formula for Lyubeznik numbers of graded F -pure rings
In this section, we consider standard graded algebras over a field k of positive characteristic p > 0. By standard graded k algebra, we mean a graded algebra of finite type over k, that is generated by elements of degree one. The typical example is the polynomial ring S = k[x 1 , . . . , x n ] in finitely many variables over k, with deg(x i ) = 1 for all i. Moreover, any standard graded k-algebra can be written as a quotient of a polynomial ring of this form by a homogeneous ideal. The condition that a standard graded k algebra is F -finite is equivalent to the requirement that [k where Ω S ∼ = S(−n) is a graded canonical module of S, and
Remark 4.3.
Since Ω S ∼ = S(−n), there is a graded isomorphism
In particular, we obtain that
Remark 4.4. Let k be a perfect field of characteristic p > 0, and let V be a finite dimensional k-vector space with a Frobenius action. We note that F * k ∼ = k, because k is a perfect field. Since V = ⊕k, we deduce that
Theorem 4.5. Let k be a field of characteristic p > 0, S = k [x 1 , . . . , x n ], and I a homogeneous ideal in S with R = S/I F -pure. Then
Proof. Let k denote the algebraic closure of k. We note that if R is F -pure, then R ⊗ k k is also F -pure. We also observe that λ i,j (R) = λ i,j (R ⊗ k k) and
Then, we may assume without loss of generality that k is algebraically closed. We set
We note that, since Ext i S (−, S) commutes with the action of Frobenius, Ext
The Frobenius action on N is induced by the inclusion map R → F * R. Then, this must correspond to N → F * N, which splits as R → F * R does. Then, N → F * N is injective. As a consequence, the Frobenius map F : N → N is injective. Then, by Remark 4.4, F : N → N is also surjective, and it follows from Theorem 4.2 that
Examples of Lyubeznik numbers.
In this subsection we use Theorem 4.5 to compute the Lyubeznik numbers of various F -pure graded rings. As our formula was already known for Stanley-Reisner rings, we focus on other graded rings which are also F -pure. We first include rings defined by binomial edge ideals. Given a simple graph G with vertex set {1, . . . , n}, the binomial edge ideal, J G ⊆ S = K[x 1 , . . . , x n , y 1 , . . . , y n ], associated to G is defined by
For a study of F -purity of binomial edge ideals, we refer to the work of Matsuda [Mat12] .
Example 4.8. The binomial edge ideal of the 5-cycle defines an F -pure ring in characteristics 3, 5 and 7 [Mat12, Example 2.7]. These are not Cohen-Macaulay, because its vertex connectivity is equal to 2 [BNB17] . However, the Lyubeznik table is trivial.
We now compute a few example defined by binomial ideals via a semigroup. By the work of Hochster [Hoc72] , normal affine semigroup algebras are Cohen-Macaulay. For this reason, we discuss here only weakly normal semigroup algebras, which are still F -pure [Yas09, Proposition 5.3]. This definition depends only on X, i and j, meaning that it does not depend on the embedding of X in P n k [Zha11] . In this section, we seek to relate the numbers λ i,j (X) with the geometry of X.
5.1. Lyubeznik numbers that measure connectedness. We start our study of λ i,j (X) focusing on λ 0,1 (X). The Hartshorne-Lichtenbaum Vanishing Theorem [Har68] , and the Second Vanishing Theorem for local cohomology over a local ring [Har68, Ogu73, PS73, HL90] imply that this number relates to the number of connected components of the punctured spectrum. As a natural extension, we verify a similar relation for projective varieties. We point out that Theorem 5.2 may be already known to experts. However, to the best of our knowledge, this result has not been recorded explicitly in the literature. We start with a key lemma.
Lemma 5.1. Let X be a projective variety over an algebraically closed field k of characteristic p > 0. Suppose that X has t connected components, which are all of dimension at least 1. Then, λ 0,1 (X) = t − 1.
Proposition 5.4. Let X be a d-dimensional Cohen-Macaulay projective variety over a field k of characteristic p. Then, λ d+1,d+1 (X) = λ 0,1 (X) + 1 and λ 0,j (X) = λ d+2−j,d+1 (X) for 2 j d.
Proof. Let S = k[x 1 , . . . , x n ] and I ⊆ m = (x 0 , . . . , x n ) be such that X = Proj(S/I). Let R = S/I. Since X is Cohen-Macaulay, R Q is a Cohen-Macaulay ring for every homogeneous prime ideal Q such that Q = m. We note that H
